Detrended fluctuation analysis (DFA) is a scaling analysis method used to estimate long-range power-law correlation exponents in time series. In this paper, DFA is employed to discuss the long-range correlations of stock market. The effects of exponential trends on correlations of Hang Seng Index (HSI) are investigated with emphasis. We find that the long-range correlations and the positions of the crossovers of lower order DFA appear to have no immunity to the additive exponential trends. Further, our analysis suggests that an increase in the DFA order increases the efficiency of eliminating on exponential trends. In addition, the empirical study shows that the correlations and crossovers are associated with DFA order and magnitude of exponential trends.
Introduction
Financial markets have been known as representative complex dynamic systems, which are organized by various unexpected phenomena and affected by external factors. The study of financial markets is not easy because we do not know the control parameters that govern the systems. However, the bulk of the literature focused on the long-range correlations of financial time series in the past few years. New ideas and techniques have been introduced to measure the longrange correlation behaviors. The understanding of such longrange correlations would be helpful to design good portfolios. Long-range correlations were first observed by Barkoulas et al. in the discussion of Greek stock market [1] . In recent years, many researchers have found evidence of long-range correlations for stock markets [2] [3] [4] [5] . To analyze the longrange correlations, previous studies presented various methods, such as rescaled range analysis (R/S analysis), wavelet transform modulus maxima (WTMM), and detrended fluctuation analysis (DFA) [6, 7] . The DFA [8] method invented by Peng et al. has become a widely used method for the determination and detection of long-range correlations in time series. It also has successfully been applied to diverse fields [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] such as DNA sequence, heart rate dynamics, solid state physics, long-time weather records, earthquakes, economics, and culturomics. One reason to employ the DFA method is to avoid spurious detection of correlations that are artifacts of nonstationarities in the time series. Financial time series are influenced by external trends. Strong trends in series may lead to a false detection of long-range correlations. For the reliable detecting of long-range correlations, it is essential to distinguish trends from the intrinsic long-range fluctuations.
An important concept used in the investigation by DFA method is fluctuation scaling. In case of a monofractal time series, the fluctuation scaling may be described by a single exponent (the Hurst exponent). But there is a class of series that is much more complex and whose scaling exponents are different in different magnitudes [26] [27] [28] [29] [30] [31] . The turning points of scaling changing are the so-called crossovers. In this paper, detrended fluctuation analysis (DFA) method is employed to analyze the long-rang correlations of stock markets. The main purpose of this study is to reveal how sensitive indeed are exponential trends to long-range correlation behaviors of stock markets. The effects of exponential trends on correlations of Hang Seng Index (HSI) were investigated with emphasis.
The organization of this paper is as follows. In Section 2, the methodology is introduced. In Section 3, the empirical data under consideration in this paper is described. In 2 Mathematical Problems in Engineering Section 4, the correlation behaviors of the original time series are discussed. The results and analysis of the effects of exponential trends on correlations are presented in Section 5. Finally, it ends with a conclusion.
Methodology
2.1. Absolute Returns. In recent years, the studies about stock returns and volatility have attracted much attention. There are extensive literature testing for long-range correlations in stock returns and volatility. One of the important reasons is that a few papers have suggested that economic systems gave long memory properties. There are many implications for both portfolio and risk management that stem from longrange correlation characteristics in stock returns and volatility. The empirical evidence has suggested strong evidence of long-range correlations in volatility and however weaker evidence for stock returns. In our paper, we use absolute log returns as proxies for volatility. We will give the definition of absolute log returns in the following.
Let ( ) ( = 1, 2, . . . , ) denote the price of a financial asset at time . We define returns over a time horizon Δ as ( ) = ( + Δ ) − ( ) ( = 1, 2, . . . , ). The absolute log returns over a time horizon Δ are then defined as ( ) = | log( ( + Δ )) − log( ( ))| ( = 1, 2, . . . , ).
DFA Method.
The DFA procedure consists of five steps. Let us suppose that is a series of length ; the DFA procedure involves the following steps.
Step 1. Determine the profile
Step 2. Cut the profile ( ) into ≡ [ / ] nonoverlapping segments of equal length . Since the record length need not be a multiple of the considered time scale , a short part at the end of the profile will remain in most cases. In order not to disregard this part of the record, the same procedure is repeated starting from the other end of the record. Thus, 2 segments are obtained altogether.
The subtraction of the mean ⟨ ⟩ is not compulsory, since it would be eliminated by the later detrending in the third step anyway.
Step 3. Calculate the local trend for each segment ] by a leastsquare fit of the data. Then we define the detrended time series for segment duration , denoted by ( ), as the difference between the original time series and the fits:
where ] ( ) is the fitting polynomial in ]th the segment. Linear, cubic, or higher order polynomials can be used in the fitting procedure (DFA1, DFA3, and higher order DFA). Since the detrending of the time series is done by the subtraction of the polynomial fits from the profile, these methods differ in their capability of eliminating trends in the series. In th order DFA, trends of order in the profile and of order − 1 in the original series are eliminated. We calculate-for each of the 2 segments-the variance as follows:
of the detrended time series ( ) by averaging over all data points in the ]th segment.
Step 4. Average over all segments to obtain the fluctuation function:
It is apparent that ( ) will increase with increasing. Of course, ( ) depends on the DFA order . By construction, ( ) is only defined for ≥ + 2.
Step 5. Determine the scaling behavior of the fluctuation functions by analyzing log-log plots ( ) versus . If the series are long-range power-law correlated, ( ) increases, for large values of , as a power-law
The exponent ℎ is called the scaling exponents or correlation exponents, which represents the correlation properties of the signal.
Correlations of Time Series.
For { , = 1, 2, . . . , }, we are interested in the correlation of the values and + for different time lags, that is, correlations over different time scales . In order to get rid of a constant offset in the data, the mean ⟨ ⟩ = ∑ =1 / is usually subtracted. Quantitatively, correlations between -values separated by steps are defined by the (auto-)correlation function as follows:
If { } are uncorrelated, ( ) is zero for > 0. Shortrange correlations of { } are described by ( ) declining exponentially and ( ) ∝ exp(− / ) with a decay time . For so-called long-range correlations, ( ) declines as a power-law
with an exponent 0 < < 1. A direct calculation of ( ) is usually not appropriate due to noise superimposed on the collected data and due to underlying trends of unknown origin. For example, the average ⟨ ⟩ might be different for the first and the second half of the record, if the data are strongly long-range correlated. This makes the definition of ( ) problematic. Thus, we have to determine the correlation exponent indirectly. A similar approximation for ( ) ( ) is
We find = 2 − 2 0 < < 1.
The correlation exponent can be determined by measuring the fluctuation exponent . The correlations of stock market are calculated from realized returns on each market. Correlations tend to increase in times of large shocks to returns such as a stock market crash. Larger markets are more liquid and display more price moment than smaller counterparts. Smaller markets may not react as quickly to relevant information because some stocks may be traded infrequently. In the aftermath of October 1987 stock market crash, more attention was afforded to stock market correlation and the related concept of long-range correlation.
Data Description
The data used in this paper are daily closing prices of two stock indices. 
The DFA of Absolute Returns
We calculate the absolute returns over several intervals: 1 day, 5 days, 1 month (22 days), 6 months (132 days), corresponding to Δ = 1, Δ = 5, Δ = 22, and Δ = 132, respectively. Then we detect the correlation behaviors of absolute returns data ( ) of NYSE and HSI by using DFA method. The time scales of crossovers increase significantly with the increase of Δ . The crossover is interpreted as a result of different correlation properties for small and large scales in the signal; however, it may also be caused by external trends. In order to provide more details about the correlations properties of absolute log returns, we calculate the scaling exponents and correlation exponents for Δ = 1. The scaling exponents and correlation exponents are shown in Tables  1 and 2 . We observe that both NYSE and HSI absolute log returns show long-range correlated behaviors. It is noted that HSI is more correlated than NYSE based on DFA method. 
Effects of Exponential Trends on Correlations

( ) Corrupted with Exponential Trends.
Time series from real world are often affected by trends, which have to be well distinguished from the original series. We have studied the correlations properties of stock market by applying the DFA method in Section 4. In this section, we survey the effect of exponential trend on DFA. The effects of exponential trends on correlations of HSI are investigated with emphasis. We attempt to generate a new artificial data by adding trends on as follows:
( ) = ( ) + 10 with = ( = 1, 2, . . . , ) .
In this paper, ( ) is the daily absolute log returns data of HSI. is the number of the data. 
DFA on Exponential Trends.
We consider the exponential trends in the form = 10 with = / ( = 1, 2, . . . , ). In the case of = 0 and = 1, 2, 3, 4, we demonstrate the effects of exponential trends on DFA in Figure 5 and Table 3 . In the case of = 0, 1, 2, 3 and = 1.2, we show the effects of exponential trends on DFA in Figure 6 and Table 4 . In this paper, = → presents the scaling exponents before the crossover = is and after the crossover is . For example, in Table 3 , −0.2017 =20 → 4.9378 means that the scaling exponents before crossover = 20 is −0.2017 and after crossover is 4.9378.
In the first case, we find that the slope of the fluctuation function ( ) ( ) versus the scales obtained from the DFA method slightly depends on the value of parameter . When we increase the parameter , the positions of the crossovers move to small scales, that is to say, the bigger the values of , the smaller the scales of the crossovers. In the second case, we obtain that scaling characteristics of fluctuation function ( ) ( ) versus scales are immune to parameters . There is no visible difference among the results obtained for all values of .
Effects of DFA on Exponential Trends
Effects of DFA on Strong Exponential
Trends. In this section, to reliably describe the effects of DFA method on strong exponential trends, we construct artificial time series by adjusting the values of = 0 and . For artificial data ( ) with trends = 0 and = 1, 2, 3, the DFA fluctuation ( ) ( ) versus the time scales is plotted in Figure 7 . The curve exhibits a crossover at = 40 in Figure 7 (a), with a slope = 0.9181 for < and = 0.9155 for > . For < , the curve presents a long-range correlated behavior, but, for > , there is no evidence of long-range correlation.
The positions of move to small scales for the same order DFA when we increase . As we expected, the strong exponential trends are markedly filtered by higher order DFA, although apparent crossovers are still observed for large time scales . The positions of the crossovers and the changes of the scaling exponents before and after the crossovers are shown in Table 5 . The positions of the crossovers have been determined from the intersection of linear fits done on both sides of the crossovers. We can get the same results from Table 5 , compared to Figure 7 . Furthermore, the results are more credible. Secondly, we study how different trends = 0, 1, 3, 5 and = 1.2 affect the scaling behavior of ( ) by applying DFA1 to DFA5. For artificial data ( ) corrupted with trends = 0, 1, 3, 5 and = 1.2, the fluctuation functions versus the time scales are shown in Figure 8 . In Table 5 , the detail values of the crossovers and the changes of scaling exponents are presented.
In Figure 8 ( = 0, = 1.2), the curve exhibits a crossover at = 27, with a slope = 8922 for < and = 1.9109 for > . For < , the curve presents a long-range correlated behavior, but, for > , there is no evidence of long-rang correlation. We can find from Figure 8 and Table 6 that in case = 0, 1, for < ⌈ + ⌉, the exponential trends cannot be eliminated; for = ⌈ + ⌉, the exponential trends are mostly eliminated; for > ⌈ + ⌉ the exponential trends are significantly eliminated. In case = 2, 3, 4, 5, for < ⌈ + ⌉ − 1, the exponential trends cannot be eliminated; for = ⌈ + ⌉ − 1, the exponential trends are mostly eliminated; for > ⌈ + ⌉ − 1, the exponential trends are significantly eliminated.
Effects of DFA on Weak Exponential Trends.
For weak trends, we perform the similar procedure as we do in studying strong trends. For ≥ 2, the results of DFA on ( ) are the same as DFA on ( ); hence, we only give the corresponding scaling exponents of DFA1. The corresponding scaling exponents of DFA1 by means of fixing = −1 and varying are revealed in Table 7 . The corresponding scaling exponents by means of fixing = 1.2 and varying are shown in Table 8 . 
Conclusion
In this paper, the long-range correlation behaviors in absolute log returns are investigated by applying DFA. We find that the absolute log returns of NYSE and HSI are long-range correlated; however, the long-range correlation of NYSE is stronger than HSI. The effect of different exponential trends on the DFA scaling behavior and the crossovers of longrange correlated signals are also studied. The results suggest that long-range correlation behaviors of higher order DFA are not affected by exponential trends, while the effects of exponential trends depend on parameters and . The real financial data are often influenced by different trends which are caused by external effects. So it is of great importance to investigate the properties of the trends and the effects of the trends on the dynamical changes of original signal. There are several issues for further research. The first issue concerns application of our method to other types of trends. The second issue considers predicting the stock markets based on our current results due to the crossover being the representation of economic cycle in some sense. Our studies are relevant for a better understanding of the stock market mechanism and may be useful for identifying economic turning points and forecasting stock volatility. Further studies are necessary from theoretical and empirical perspective.
